Abstract. We establish quantitative results for the approximation properties of the q-analogue of the Bernstein operator defined by Lupaş in 1987 and for the approximation properties of the limit Lupaş operator introduced by Ostrovska in 2006, via Ditzian-Totik modulus of smoothness. Our results are local and global approximation theorems.
Introduction
The 
If f ∈ C[0, 1] and δ > 0, then the second modulus of smoothness of f is defined by
In [2] it was shown for the Bernstein operators that the estimate
holds true, where λ ∈ [0, 1], ϕ(x) = x(1 − x), x ∈ [0, 1] and the DitzianTotik modulus of smoothness of second order is given by
in which f ∈ C[0, 1], δ > 0 and φ is an admissible step-weight function on [0, 1] (for details see [3] ). If λ = 0, then (1.3) gives the local estimate, and for λ = 1, the inequality (1.3) gives the global norm estimate developed by Ditzian and Totik. Therefore (1.3) bridges the gap between the local and global approximation theorems for Bernstein operators. Here we mention that C 1 , C 2 , C 3 , . . . will denote some absolute positive constants. In 1997 Phillips [9] introduced the so-called q-Bernstein operators involving q-integers. They quickly gained the popularity and were studied widely by a number of authors. A survey of the obtained results and references on the subject can be found in [7] . It is worth mentioning that the first generalization of the Bernstein operators based on q-integers was obtained by Lupaş [6] . For the introduced q-analogue of the Bernstein operator, he investigated its approximating and shape-preserving properties. Further interesting properties of the Lupaş q-analogue of the Bernstein operator have been considered also in [8] , [1] , [12] and [11] .
To present the Lupaş operator, we recall some notions of the q-calculus. Let q > 0. Then for each non-negative integer k, the q-integer
Further, we set
Following Lupaş [6] , the positive linear operators R n,q :
are called the q-analogue of the Bernstein operators. For q = 1, we recover the classical Bernstein operators. The paper [8] deals with the convergence properties of the sequence {R n,q f } and with the limit Lupaş operator R ∞,q :
The rate of convergence R n,q f −R ∞,q f has been studied by Wang and Zhang [12] . It is worth mentioning that the concept of limit operator via q-Bernstein operators was introduced for the first time in [5] . The goal of the paper is to establish quantitative estimates for the operators R n,q f and R ∞,q f, where the errors |(R n,q f )(x) − f (x)| and |(R ∞,q f )(x)−f (x)| will be estimated with the aid of the modulus of smoothness (1.4). In this way we obtain direct local and global approximation theorems similar to (1.3).
Main results
Theorem 2.1. Let R n,q f be defined as in (1.5) and let q = q n such that 0 < q n < 1 and q n → 1 as n → ∞. Then there exists C 3 > 0 such that
Proof. The corresponding K-functional to (1.4) is defined by 
By [8, Lemma 1], we have
Let x ∈ (0, 1) and g ∈ W 2 (ϕ λ ). Taking into account Taylor's formula
3) and (2.4), we find that
Hence, by the estimate [3, Lemma 9.6 .1]) and (2.5), we get
On the other hand, (1.5) and (2.3) imply for
. By combining (2.8) and (2.7), we have
Taking the infimum on the right-hand side over all g ∈ W 2 (ϕ λ ), by (2.2), we arrive at the estimate (2.1), which was to be proved. 
. Hence, by (2.1), we obtain a Popoviciu-type estimate for λ = 1 (see (1.1)):
and a Freud-type estimate for λ = 0 (see (1.2)):
respectively. Thus the degree of approximation in (2.1) is better than that in (2.9) and (2.10).
Corollary 2.4. Let R n,q f be defined as in (1.5) and let q = q n such that q n ∈ (1, ∞) and q n → 1 as n → ∞. Then there exists C 6 > 0 such that 
Hence, in view of (1.4),
. On the other hand, for q > 1,
By reduction formula [8, (10) ], we have (2.14)
where q > 1 andf is defined by (1.8). Now combining (2.1), (2.14), (2.12) and (2.13), we find
which is the estimate (2.11) with C 6 = C 3 .
The next results are in connection with the approximation properties of the limit Lupaş operator (1.6).
Theorem 2.5. Let R ∞,q f be defined as in (1.6). Then there exists C 7 > 0 such that Proof. Due to [8, (17) - (18)], we have R n,q (1, x) = 1, R n,q (t, x) = x and 0 ≤ R n,q ((t − x) 2 , x) ≤ 
